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The aging of supported metal crystallites is caused, under certain conditions, by the dif- 
fusion of the crystallites upon the surface of the substrate and by the sintering of the 
colliding particles. If  the size of a crystallite is of the order of magnitude of the diameter of 
the pore, the diffusion of the crystallite will be impeded. A two-dimensional coagulation 
equation is formulated to describe the time dependence of the sizes of the population of 
crystallites into a porous substrate. Two models are used for the diffusion coefficient of the 
crystallites upon the substrate. In one of them, the diffusion coefficient is inversely propor- 
tional to the area of the interface between particle and substrate, even when diffusion is im- 
peded. In the other, the diffusion coefficient is assumed to behave as in the first model for 
particle sizes smaller than the diameter of a pore but is taken to be zero when the sizes 
of the particle and pore become of the same order. On the basis of the proposed models in- 
formation about the size distribution and the decay of the exposed surface area of the metal 
is obtained. A comparison between the unimpeded diffusion on a planar substrate and the 
impeded diffusion inside a porous substrate is presented 

NOMENCLATURE K* 
Li 

concentration per unit surface 
area of substrate of crystallites L, 
composed of k units m 
(+lN) 1’3, average particle diam- n(v,t) 
eter obtained from magnetic N 
measurements 
d,, = S/pfi, chemisorption diam- No 
eter of the crystallites Rij 
diffusion coefficient of a crys- 
tallite composed of i units RG 
Di + Dj RP 
random force Si 

Lp3h1 

Boltzman constant; also sub- S 
script indicating the number of 
atoms of metals 
collision frequency factor in the 3 
continuous representation 
collision frequency factor in the t 
discrete representation T 
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4rr/ln 4T 
dimension of the crystallite 
composed of i units 
diameter of the pore 
mass of a crystallite 
density distribution of sizes 
total number of crystallites per 
unit surface area of support 
value of N for t = 0 
radius of interaction between 
two colliding crystallites 
Guiner radius 
Porod radius 
area of the interface between 
one crystallite and the substrate 
exposed surface area of metal 
per unit surface area of support; 
S,=valueofSatt=O 
exposed surface area of metal 
per gram of metal 
time 
DuO*/(R,)2 = Dl16*/(RII)P; in 
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the evaluation of T, 19” is taken 
as 1 set; in Eq. (4) T is the tem- 
perature in “K 
velocity of the crystallite on the 
substrate 
volume of a crystallite 
volume of a crystallite com- 
posed of i units 
delta function 
density of metal 
total volume of particles per 
unit surface area of support 
dimensionless variable in the 
similarity representation [de- 
fined by Eq. (9a)] 
surface friction coefficient [ Eq. 
(411 
dimensionless variable in the 
similarity representation [de- 
fined by Eq. (9b)] 
K *IlJv,t 

INTRODUCTION 

There is experimental evidence which 
demonstrates that small crystallites on a 
substrate migrate more or less randomly. 
For instance, Bassett (1,2), using an elec- 
tron microscope, observed translation and 
rotation of copper and silver islands on a 
molybdenite substrate at a temperature of 
525”K, and Skofronick and Phillips (3) and 
Phillips et al. (4) observed migration and 
coalescence of gold islands on amorphous 
carbon and silicon substrates at tempera- 
tures between 500 and 700°K. These ob- 
servations, together with many other simi- 
lar observations (5-8), have suggested 
representing the aging kinetics of the sup- 
ported metal catalysts by a model account- 
ing for diffusion of the crystallites on the 
substrate and sintering of the colliding par- 
ticles (9JO). A two-dimensional coagula- 
tion equation was formulated to describe 
the time dependence of the sizes of the 
population of crystallites. In the models, it 
is assumed that particles migrate and grow 
upon a planar substrate. In supported 

metal crystallites the substrate has, how- 
ever, a porous structure and it is natural to 
enquire about the effect the pore size dis- 
tribution has upon the migration of crys- 
tallites inside the pores and, consequently, 
upon the aging process. The goal of the 
present paper is to provide some insight 
into this problem. 

MODELS 

The Physical Model 

Many of the porous solids used as sub- 
strates show a bimodal pore size distribu- 
tion because they are generally prepared 
by compacting fine porous powders. The 
resulting large particles have relatively 
large pores (macropores) consisting of 
spaces between the powder particles and 
small pores (micropores) within the 
powder particles themselves. For instance, 
the boehmite pellets prepared by Otani et 
al. (II) have a bidisperse distribution with 
a maximum of about 20 A for the micro- 
pores and, depending upon the com- 
pacting pressure, a maximum size macro- 
pore varying from 500 to 5000 A. The 
alumina substrate prepared by Rothfeld 
(12) had two peaks, one at 120 A and 
another at 12,500 A, and that prepared by 
Rao and Smith (13) had peaks at 30 and 
1000 A, respectively. For reviews, see 
Refs. [14,1.5]. In the majority of the cases 
the surface area of the macropores is only 
a few percent of the total surface area. 

Because the surface area of the macro- 
pores is small compared to that of the 
micropores, the population of crystallites 
in the macropores will be neglected. Also, 
for the sake of simplicity, instead of con- 
sidering a size distribution of the micro- 
pores, it will be assumed that the disper- 
sion of sizes around the peak is small and 
consequently that the density distribution 
of pore sizes around the peak can be re- 
placed by a 6 function. 

The number of crystallites, per unit sur- 
face area of substrate, composed of k 
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metal units satisfies the population balance 
(9JO), 

dck - = i s 
dt 

Kucicj - ck i Kikci, (1) 
t+j=k i=l 

where Kg are second order rate constants 
dependent upon the mobility of the crys- 
tallites upon the substrate and upon the 
rate of coalescence of colliding crystallites. 
The continuous version of the population 
balance has the form 

an 1 ” 
ar-2 ,, -4 

K(C,v - C)n(C,t)n(v - C,t)dC - n(v,t) 

x 
I 

m K(C,v)n(fi,t)dC, (la) 
0 

where n( v,t)dv represents the number of 
crystallites having a size between v and 
v + dv. Assuming that the coalescence 
process is rapid, the rate of aging is dif- 
fusion controlled and (9,ZO): 

Ku= K* (Di+Dj), (2) 

where K * is practically a constant. 
The size of the pores influences the 

aging process via the diffusion coefficient 
Di. To establish a relation between the dif- 
fusion coefficient, Di, and the pore size, 
some comments concerning the diffusion 
process are in order. The starting point is 
the experimental observation that under 
certain conditions a crystallite migrates as 
a single entity upon the surface of the sub- 
strate. This migration probably is due to 
the random collisions produced by the os- 
cillations of the atoms at the crystallite- 
substrate interface. If so, the theory of 
Brownian motion can be extended to the 
present situation. The theory of Brownian 
motion is based upon an equation of mo- 
tion (the Langevin equation) (16) in which 
the effect of the surrounding medium on 
the motion of a particle is split into a sys- 
tematic part and a fluctuating part. The 
systematic part represents the dynamical 
friction experienced by the particle, and 

the fluctuating part is caused by the 
random collisions. If one assumes that the 
resistance force is proportional to the 
velocity of the particle and to the inter- 
facial area of the substrate-crystallite, 
Langevin’s equation becomes 

kg=- psii +f(t). (3) 

Using the technique familiar in the theory 
of the Brownian motion (5,16) one obtains 

Di = 2kT/pSi. (4) 

Two models are used here. In both, Eq. 
(4) plays an important part. In the first 
model, the diffusion coefficient is assumed 
to be inversely proportional to si, whereas 
in the second, the diffusion coefficient is 
assumed to be inversely proportional to si 
when the size of the crystallite is small and 
zero when the size becomes as large as 
that of the pore. In the first model, if the 
crystallite is small and of almost cubic 
shape, si is proportional to the square of 
the diameter Li of the crystallite. If the 
crystallite is large enough to fill up the 
pore as a small prism, Si a vi/L,. Although 
there are intermediary situations in which 
crystallites do not completely fill the pore, 
only the two mentioned limiting behaviors 
will be taken into account. Hence, for this 
case 

Di a ~~7’3 

and 

when i c ip = $$, (5a) 

LP 
Di a G when i > i, = $$. (5b) 

The proportionality constant is assumed 
to be the same in both equations. In the 
second model 

Di a & 3 vi-z/3 when i S i,, (6a) 
t 

and 

Di = 0 when i > i,. (6b) 
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The First Model 

The equations for the discrete spectrum 
were solved numerically for two initial size 
distributions: a log normal and a unisized 
distribution. A fourth-order Runge-Kutta 
method was used and as many equations 
(up to 1200) considered as were needed to 
ensure that no particle was lost in the cal- 
culations. In Figs. 1 to 4, some of the 
results are plotted and compared to the 
case of a planar substrate. In Fig. 1 the ini- 
tial distribution is a log normal one, the 
size of the smallest particle is 20 A and 
that of the pore 100 A. Compared to the 
planar case, in this particular situation, 
there is no essential effect of the finite pore 

FIG. 1. Size distribution of crystallites. Size of the 
pores = 100 A; the size of the smallest particle 20 A 
log normal initial distribution 

n(r) 1 In Y - In/* L 
N (277) ‘% In cr 

exp - 
c > 2l" In o ’ 

where lnp = In R, - 1.714 In (RJR,) and In% = 
0.286 In (RJR,); R, = 29.5 A and R, = 20.5 A. 
(1) T= 20, Dj a v,-*” for i G i,, and Di a v,-’ for i > i,; 
(2) T= 20, Di 0; Y,-~‘~ (unimpeded diffusion); (3) 7= 
100, D, as for Curve 1; (4) T= 100, Di as for Curve 2. 
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FIG. 2. The decay of the exposed surface area. The 
conditions are as for Fig. 1. (1) Di 0~ I,.-~~:~ (unim- 
peded diffusion); (2) D, a 1.3,~~‘~~ for ‘i < i,, and 
D, m v,-l for i > i,,. 

size on the size distribution. For the same 
situation, Fig. 2 shows that the finite size 
of the pore has an effect on the exposed 
surface area. The exposed surface area S 
is evaluated assuming crystallites of almost 
cubic shape with five exposed faces when 
they are small enough and of almost pris- 
matic shape with two exposed faces when 
they fill the cross section of the pore. The 
intermediary range of particle shapes is 

1:. 10 20 30 40 50 60 70 80 90 
T  

IO 

FIG. 3. Average particle size vs time. The condi- 
tions are as for Fig. 1. d,, - average particle diameter 
obtained from chemisorption area - Sips; d,, = 
(4/N)“3 (high field magnetic radius). (1) d,., for Di 0~ 
vi-2f3 for i s i, and D, 0: v,-’ for i > i,; (2) do8 for 
Di 0: v~-~‘~ (unimpeded diffusion); (3) d,, (Di as 
for Curve 1); (4) d,, (Di as for Curve 2). 
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FIG. 4. Size distribution of crystallites. Size of the 
pores 100 A; the size of the smallest particle, 50 A. 
Unisized initial distribution. (1) r= 25, Dj a vi-z/3 for 
i S i,, and Di 0~ vie1 for i > i,,; (2) T= 25, Di 01 vi-*13 

(unimpeded diffusion); (3) r = 75, Di as for Curve 1; 
(4) 7 = 75, Dj as for Curve 2. 

neglected. Consequently 

ir 
S = z Ci5Vi2’3 + 2 2CiLp2, (7) 

i=l i=i.fl 

where 

L3 jp=-JC. 
Vl 

(8) 

The volume distribution of the crys- 
tallites in the pores is practically as for a 
planar substrate, whereas the decay of the 
exposed surface area of metal is different. 
This is due to the fact that as soon as the 
particles fill the cross section of the pore 
they have two faces of constant area ex- 
posed whereas because they grow, the size 
distribution continues to change. 

For the same situation, in Fig. 3 two dif- 
ferent average diameters are plotted vs the 
dimensionless time, T, both for a planar 
and porous substrate. As expected, the 
chemisorption diameter, & = 5/p,.?, com- 
puted from the chemisorption area is much 
more sensitive to the finite pore size than 
the average diameter, da, = (+/IV) lj3. Fig- 

ure 4 shows that if the ratio between the 
size of the crystallites and the pore size 
becomes larger, the effect of the size of the 
pore on the volume distribution of crys- 
tallites is more important. 

It was shown in a previous paper that, if 
the diffusion coefficient has an expression 
of the form (5a) over the complete range of 
sizes, then the size spectrum can be repre- 
sented after a short time by a single curve 
in the coordinates 

and 

The same coordinates are also useful when 
Eq. (5b) is used over the complete range of 
sizes. Of course, a different single curve is 

IOP lo- IO 

":T 

FIG. 5. Representation of the size spectrum in the 
similarity variables. Initially unisized distribution, 
cubes of 50 A side, pores of 100 A. (A) The similar- 
ity solution when Di cc vi-Zf3; (B) the similarity solu- 
tion when Di = vi-‘; (0) numerical solution of the 
population balance for 7 = 100 when Di m vi? for 
i G i, and Di 0: vi-’ for i > i,. 
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FIG. 6. Decay of the exposed surface area. Conditions are as for Fig. 4. (1) D, 0: v-*‘~ i G i,, and D, 0: v,-l 
i > i,,; (2) Di a v,-~~‘~. 

obtained in this case. Curve A in Fig. 5 is 
based on Eq. (5a) for the diffusion coeffi- 
cient and Curve B is based on equation 
(5b). These curves have been obtained by 
numerically solving Eq. (1) for a unisized 
initial distribution. After a short time, the 
computed values become independent of 
the initial distribution and can be repre- 
sented by a single curve in the coordinates 
(9a) and (9b). Figure 5 also shows that the 
points computed using (Sa) for small par- 
ticles and (5b) for large particles ( the con- 
ditions are as for Fig. 4) superpose with 
Curve A for small sizes and with Curve B 
for larger sizes. Figure 6 shows that if the 
ratio between the size of the smallest crys- 
tallite and the size of the pore is large (for 
Fig. 6 it is l/2) then the rate of decay is 
very different for the impeded diffusion 
and for diffusion on a planar substrate. 
After a sufficiently long time all the par- 
ticles become large and, in the model used 
here, the exposed surface becomes propor- 
tional to the number of particles. In this 
limiting case one can show, on the basis of 
an equation established in (IO), that 

dN 
---CC-N3 
dt 

(10) 

and consequently 

dS 
- a -s3. 
dt (11) 

For unimpeded diffusion it was shown in 
reference (IO) that for a diffusion coeffi- 
cient given by Eq. (5a) 

dS 
- a -S6. 
dt (12) 

Hence, if the diffusion of crystallites is 
strongly impeded, the exponent of S in the 
rate of decay of the exposed surface area 
of metal is decreased from six (for a planar 
substrate) to three. 

The Second Model 

Figure 7 shows the time evolution of the 
volume distribution. The discontinuities 
shown by the curves are due to the discon- 
tinuities in the value of the diffusion coeffi- 
cient. For large enough times a steady 
state distribution is expected. Concerning 
the surface area, Fig. 8 shows that the two 
limiting cases give essentially the same 
results up to values of r of the order of 70. 
For larger values, however, the exposed 
surface area obtained on the basis of the 
second model tends to a constant steady 
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vi Iv, 

FIG. 7. Size distribution when Di a vZm2j3 for i c i, 
and Di = 0 for i > i,. Unisized initial distribution, 
cubes of 50 8, side, pores of 100 A. (1) r = 25; (2) 
7 = 50; (3) 7 = 100; (4) 7 = 200. 

state, while using the first model it is still 
decaying. 

CONCLUSIONS 

Two models are proposed to obtain 
some insight regarding the effect of pore 
size upon the aging of supported metals. In 
one of them it is assumed that the diffusion 
coefficient is inversely proportional to the 
area of the crystallite-substrate interface 
both when the equivalent diameter of the 
crystallites is smaller or larger than the 
diameter of the pore. In the other, the dif- 

01 ” ” ’ .I 
0 IO 20 30 40 50 60 70 

* 

FIG. 8. Decay of the exposed surface area. Condi- 
tions as for Fig. 4. (1) Di a Y,-~‘~ for i s i,, and 
D, m vi-’ for i > i,; (2) Di 0: vim213 (unimpeded dif- 
fusion); (3) Di = v,-*‘~ for i 6 i, and Di = 0 for i > i,. 

fusion coefficient is also assumed inversely 
proportional to the area of the crystallite- 
substrate interface, but only until the 
equivalent diameter of the crystallite 
reaches the diameter of the pore. When the 
equivalent diameter of the crystallite is 
larger than the pore diameter, the diffusion 
coefficient is assumed zero. 

Compared to the idealized planar sub- 
strate, the finite size of the pore has in the 
first model an effect when the ratio 
between the chemisorption diameter d,, of 
the crystallites and the size of the pore is 
larger than about l/2. For larger values of 
this ratio, the finite size of the pore has a 
stronger effect on the decay of the exposed 
surface area of metal than on the size dis- 
tribution, and the exponent in the decay 
equation of the exposed surface area is 
decreased from six to three. In the second 
model a steady state distribution of sizes is 
achieved after a sufficiently long time. The 
decay of the exposed surface area of metal 
is practically the same for both models 
even for relatively long times. However, 
for very long times, the second model 
leads to a steady state value for the ex- 
posed surface area of the metal while the 
first model leads to a continuously de- 
caying exposed surface area. 
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